
0.1 General form

n equations, polynomials p1, . . . , pn, unknowns x1, . . . , xn, given variables a1, . . . , an, b1, . . . , bn, c1, . . . , cn, d1, . . . , dn,
Solve

p1 := a1x1x2 + b1x1 + c1x2 + d1 = 0
...

pn−1 := an−1xn−1xn + bn−1xn−1 + cn−1xn + dn = 0
pn := anxnx1 + bnxn + cnx1 + dn = 0
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Let l = dlog2 ne + 1.
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Proof. n = 2:

0

= (a2x1 + b2)p1 − (a1x1 + c1)p2

= (a2x1 + b2)(a1x1x2 + b1x1 + c1x2 + d1)− (a1x1 + c1)(a2x2x1 + b2x2 + c2x1 + d2)

= (a2x1 + b2)(x2(a1x1 + c1) + b1x1 + d1)− (a1x1 + c1)(x2(a2x1 + b2) + c2x1 + d2)

= (a2x1 + b2)(b1x1 + d1)− (a1x1 + c1)(c2x1 + d2)

= x2
1(a2b1 − a1c2) + x1(a2d1 + b2b1 − a1d2 − c1c2) + b2d1 − c1d2

n = 3:
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0

= −(x3a2 + b2)(x1a3 + b3)p1 + (x1a1 + c1)(x1a3 + b3)p2 + (a2(x1b1 + d1)− c2(x1a1 + c1))p3

= −(x3a2 + b2)(x1a3 + b3)(a1x1x2 + b1x1 + c1x2 + d1)

+ (x1a1 + c1)(x1a3 + b3)(a2x2x3 + b2x2 + c2x3 + d2)

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(a3x3x1 + b3x3 + c3x1 + d3)

= −(x3a2 + b2)(x1a3 + b3)((a1x1 + c1)x2 + b1x1 + d1)

+ (x1a1 + c1)(x1a3 + b3)(x2(a2x3 + b2) + c2x3 + d2)

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(a3x3x1 + b3x3 + c3x1 + d3)

= −(x3a2 + b2)(x1a3 + b3)(b1x1 + d1)

+ (x1a1 + c1)(x1a3 + b3)(c2x3 + d2)

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(a3x3x1 + b3x3 + c3x1 + d3)

= −(x3a2 + b2)(x1a3 + b3)(b1x1 + d1)

+ (x1a1 + c1)(x1a3 + b3)(c2x3 + d2)

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(x3(a3x1 + b3) + c3x1 + d3)

= (x1a3 + b3) (−(x3a2 + b2)(b1x1 + d1) + (x1a1 + c1)(c2x3 + d2) + (a2(x1b1 + d1)− c2(x1a1 + c1))x3)

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(c3x1 + d3)

= (x1a3 + b3) (−(x3a2 + b2)(b1x1 + d1) + (x1a1 + c1)(d2) + (a2(x1b1 + d1))x3)

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(c3x1 + d3)

= (x1a3 + b3) (−(b2)(b1x1 + d1) + (x1a1 + c1)(d2))

+ (a2(x1b1 + d1)− c2(x1a1 + c1))(c3x1 + d3)

= x2
1(−a3b1b2 + a1a3d2 + a2b1c3 − a1c2c3)

+ x1(−a3b2d1 + a3c1d2 − b1b2b3 + a1b3d2 + a2b1d3 − a1c2d3 + a2b1c3 − c1c2c3)

− b2b3d1 + b3c1d3 + a2d1d3 − c1c2d3

n > 3
Let x0 = xn, xn+1 = x1, a0 = an, an+1 = a1, b0 = bn, bn+1 = b1, c0 = cn, cn+1 = c1, d0 = dn, dn+1 =

d1.

Let p′i =


(x2i+1a2i + b2i)p2i−1 − (x2i−1a2i−1 + c2i−1)p2i 1 ≤ i ≤ bn2 c
pn i = bn2 c+ 1, n odd

⊥ else

.

p′i

= (x2i+1a2i + b2i)p2i−1 − (x2i−1a2i−1 + c2i−1)p2i

= (x2i+1a2i + b2i)(a2i−1x2i−1x2i + b2i−1x2i−1 + c2i−1x2i + d2i−1)− (x2i−1a2i−1 + c2i−1)(a2ix2ix2i+1 + b2ix2i + c2ix2i+1 + d2i)

= (x2i+1a2i + b2i)(x2i(a2i−1x2i−1 + c2i−1) + b2i−1x2i−1 + d2i−1)− (x2i−1a2i−1 + c2i−1)(x2i(a2ix2i+1 + b2i) + c2ix2i+1 + d2i)

= (x2i+1a2i + b2i)(b2i−1x2i−1 + d2i−1)− (x2i−1a2i−1 + c2i−1)(c2ix2i+1 + d2i)

= x2i−1x2i+1(a2ib2i−1 − a2i−1c2i) + x2i−1(b2i−1b2i − a2i−1d2i) + x2i+1(a2id2i−1 − c2i−1c2i) + d2i−1b2i − c2i−1d2i = a′ix
′
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For even n = 2l, new equations p′1, . . . , p

′
l, for odd n = 2l + 1 new equations p′1, . . . , p

′
l, p2l+1
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